Abstract-Dynamic fiber-optic shape sensing, often also referred to as curvature or bend sensing, is demonstrated using fiber segment interferometry, where chains of fiber segments, separated by broadband Bragg grating reflectors, are interrogated using rangeresolved interferometry. In this paper, the theory of interferometric curvature sensing using fiber segments is developed in detail, including techniques to infer lateral displacements from the measured differential strain data and methods for directional calibration of the sensor. A proof-of-concept experiment is performed, where four fiber strings, each containing four fiber segments of gauge length 20 cm each, are attached to the opposing sides of a flexible support structure and the resulting differential strain measurements are used to determine the lateral displacements of a 0.8 m cantilever test object in two dimensions. Dynamic tip displacement measurements at 40 nm · Hz −0 .5 noise levels over a 21 kHz bandwidth demonstrate the suitability of this approach for highly sensitive and cost-effective fiber-optic lateral displacement or vibration measurements.
I. INTRODUCTION
F IBER-OPTIC shape sensing (FOSS) [1] - [20] , allows the curvature, and therefore the shape, of the structure to which a fiber or fiber bundle is attached, to be followed through space and permits the determination of lateral displacements from the curvature measurements. Direct FOSS techniques are based on evaluating the effects due to differential strain as a result of curvature within a single fiber, within a fiber bundle or within the cores of a multicore fiber. In addition to direct FOSS techniques, there are also indirect fiber-optic methods that may be used to deduce the shape of a structure using a number of strain measurements at strategic locations, processed with the help of a detailed mechanical model of the structure using strain-deformation conversion methods [10] . A key advantage of direct FOSS compared to indirect methods is that the measurand, curvature-induced differential strain, is determined directly within the sensor fiber or fiber bundle. Therefore this The authors are with the Engineering Photonics, Cranfield University, Cranfield MK43 0AL, U.K. (e-mail: t.kissinger@cranfield.ac.uk; e.chehura@ cranfield.ac.uk; s.staines@cranfield.ac.uk; s.w.james@cranfield.ac.uk; r.p. tatam@cranfield.ac.uk).
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Digital Object Identifier 10.1109/JLT. 2017.2750759 only requires the sensor to follow the shape of the object under test, removing the need for fully established strain transfer between the sensor and the test object, significantly simplifying the sensor attachment, especially for embedded applications. Also, compared to indirect FOSS, temperature sensitivity is greatly reduced in direct FOSS due to the differential nature of the measurement. If the sensor fibers in direct FOSS can be assumed to be at equal temperature or even thermally coupled, such as in multi-core fibers, any temperature-induced drift in the measurement will cancel out during the differential strain calculation.
Prior direct FOSS approaches within single-core single-mode fibers have used long-period gratings [1] , [2] , [7] or other short-gauge length in-fiber structures, such as in-fiber MachZehnder interferometers [12] , [15] . However, in general these approaches, while often achieving extremely high curvature sensitivities, have been primarily designed to be singular curvature sensors. Conversely, distributed FOSS techniques, based on Rayleigh [9] and recently Brillouin scattering [19] within multi-core fibers, are inherently multi-point techniques that can be deployed over long lengths (hundreds of meters), but generally require complex optical setups and achieve only moderate curvature sensitivities. Fiber Bragg gratings [21] (FBGs) are a mature technology that has good multiplexing capabilities. The use of arrays of FBGs co-located at a number of positions along an arrangement of fibers or in the cores of multicore fibers allows FOSS measurements [5] , [6] to be conducted. The interrogation of FBGs can be performed using wavelength-division multiplexing (WDM), allowing high-speed measurements (>kHz) of typically several tens of FBGs [22] . Furthermore, much larger numbers of FBG sensors can be interrogated using optical frequency domain reflectometers [23] (OFDRs). While OFDR using FBGs has been used for FOSS [9] , [18] , it typically achieves lower speeds and has higher uncertainties [24] than WDM approaches. FBG-based FOSS approaches are showing promise in structural health monitoring applications, in areas such as aircraft wings [18] , wind turbine blades [13] or within geotechnical structures [8] , and in medical applications, such as control of surgical instruments [16] , [17] . In this paper the use of this FOSS to measure structural vibrations is presented, therefore further potential applications of FOSS could also be envisaged in this area. This can complement existing laser Doppler vibrometry techniques [25] by removing the need for side access to a structure-under-test and allowing the direction of vibrations to be determined, permitting fiber-optic vibration measurements of internal parts situated within complex machinery.
This work is licensed under a Creative Commons Attribution 3.0 License. For more information, see http://creativecommons.org/licenses/by/3.0/ Interferometric long-gauge length approaches [3] , [4] , [11] have also been investigated for FOSS, promising fast and sensitive measurements. However, practical applications of interferometric FOSS appear to have suffered from difficulties in multiplexing sensors and so far interferometric FOSS has only been demonstrated for singular fiber sections. The approach demonstrated in this paper employs fiber segment interferometry (FSI) [26] , allowing the spatial resolution of interferometric curvature measurements for the first time. FSI is an emerging technique allowing many interferometric sensor segments to be multiplexed using range-resolved interferometry (RRI) [27] , where RRI is designed to exploit the potential that robust, costeffective and highly coherent laser diodes originating in the telecoms industry offer to sensing applications. FSI achieves typical dynamic strain resolutions well below 1 n · Hz −0.5 [26] , levels that are significantly below commonly used non-interferometric FBG interrogation approaches [22] . In general, interferometric measurements, without further refinements, such as multiwavelength techniques [28] , allow only measurements relative to an unknown starting position, however, for the dynamic applications that are targeted in this paper, this is of little consequence. In general, in FOSS, curvature sensitivity scales proportionally with the lateral fiber core distance. Therefore a fiber arrangement mounted onto a flexible support structure that can follow the shape of the object under test, with lateral fiber core spacing of typically several millimeters, offers two orders of magnitude increased curvature sensitivity compared to implementations using multicore fibers, which have typical lateral core spacing of ≈ 50 μm, in addition to simplified sensor construction. Therefore, the use of a fiber arrangement on a flexible support structure is the approach taken in this work in order to demonstrate the key concepts of direct FOSS using FSI. Future demonstrations using multicore fiber can easily be envisioned and are under investigation.
In this paper, expanding work first reported at the 25th Optical Fiber Sensors Conference, OFS-25 [20] , we present a detailed theory of segmented interferometric shape sensing, including methods for sensor calibration, and techniques that allow the inference of lateral displacements from the original differential strain measurements. An experimental proof-of-concept experiment using a cantilever test object is presented, demonstrating the potential of the approach for two-dimensional lateral displacement and vibration measurements.
II. THEORY

A. Interferometric Curvature Sensing
The theory of interferometric curvature sensing is detailed here because it differs from the theory of FBG-based curvature sensing [6] , [9] , [14] . Interferometric curvature sensing integrates the differential strain over extended path sections, which, as will be shown below, leads to a measurement of the tangent angle difference between the start and end of the sensing section. As illustrated in Fig. 1(a) , for a two-dimensional section of constant curvature, defined by curvature radius R or curvature κ = R −1 , it can be seen that for two fiber cores of fixed lateral separation δ, bent along a section of an arc with angle ψ and path length l = ψ · R, the geometrical path difference between the two fiber cores is given by ψ · δ. Here, the arc angle, ψ, is also equal to the angle between the tangents at the start and the end of the curved section [3] . The differential strain diff between the two fiber cores over path length l is then given by:
Equation (1) also shows that, in general, the curvature sensitivity in FOSS is directly proportional to the lateral core displacement. In FSI, similar to all interferometric long-gauge length fiber strain sensors [29] , the strain sensitivity of a fiber segment, i.e., phase change measured in rad per μ , is well-known and is a function of the material properties of the fiber [30] . Therefore, using (1), the resulting arc angle ψ can be expressed as a function of the measured differential phase signal Δφ :
Here, λ 0 is the free-space wavelength of the laser light, n g is the fiber core group index and k is the fiber strain sensitivity factor. It is important to note that the measurement of the arc angle difference ψ in (2) is independent of the sensor gauge length l.
is then given by:
Furthermore, is was first observed by Blanchard et al. [3] that for more complex two-dimensional paths, an interferometric curvature sensor will integrate all angular changes, with the measured result still being equal to the difference in the angle between the start and the end tangents of the path. This is illustrated in Fig. 1(b) , which shows the concatenation of two sections with different curvature radii R 1 and R 2 and arc angles ψ 1 and ψ 2 . It is illustrated how the angle ψ tot between the start and end tangent of the complete path is the sum of ψ 1 and ψ 2 . This holds for both negative and positive curvatures, i.e., negative and positive arc angles, and also for straight sections, where the arc angle is zero. This geometrical argument can be extended to any complex two-dimensional path that is continuously differentiable, i.e., where a tangent can be defined anywhere, and which can thus be described by the concatenation of curvature sections with curvature radii R i and arc angles ψ i of index i. Therefore, an interferometric measurement of the differential strain of two fiber cores held at constant lateral separation δ over such a complex path will be proportional to the sum of the arc angles ψ i multiplied by δ. In effect, an interferometric measurement will therefore be a direct measurement of the difference in the angle between the start and end tangents of the path. Additionally, if the interferometric measurement is range-resolved, such as in FSI, the tangential angles, i.e., the local arc angles, along the fiber path are effectively sampled after each sensor section.
The above analysis is initially valid only for curvature measurements in a two-dimensional plane. To extend this to three dimensional paths, it has to be assumed that no twist or torsion is introduced axially along the fiber core arrangement, which ensures that the two radial curvature components are independent of each other and that a change in curvature in one direction does not introduce differential strain in the other. We therefore limit our analysis to the three dimensional case without twist, as the generalized three-dimensional description incorporating twist requires further mathematical analysis that is beyond the scope of this paper.
B. Lateral Displacement Determination
In order to obtain the desired lateral displacement information along the fiber path, the measured arc angles, also referred to as slope angle in a mechanical engineering context, need to be integrated along the sensor path. As discussed in the last paragraph an FSI curvature measurement effectively results in the sampling of the local slope angle along the fiber path. In order to obtain the lateral displacements, an assumption has to be made on the slope angle function between the sampling points to allow integration. Without prior knowledge of the structure, a linear interpolation of the slope angles between the sampling points is the simplest solution, while more complex approaches, such as cubic spline interpolation, are also possible. If there is prior knowledge of the expected slope angle function, for example from a mechanical model of the structure under test, then this model can also be used to fit the measured slope angle data, which would improve the accuracy of the displacement determination if the assumption on which the mechanical model is based are correct. In this paper, we will compare linear and cubic spline interpolation approaches with the model-fit approach for an intermediately-loaded cantilever. Here, for a cantilever of length l with a load at position x = a along the cantilever position coordinate x, the slope angle function ψ(x) is given by [31] :
In (4), P is the load, while E is the Young's modulus and I is the moment of inertia of the beam. Note that for displacement calculations using (4), the factor P 2E I does not need to be known a priori but can be fitted to the measured slope angle data if the position a of the load is known.
Furthermore, it is interesting to discuss the challenge of shape sensing for large structures. For the mechanical model of the simple but representative case of an end-loaded cantilever of length l, it can be shown [3] , [31] that the slope angle ψ between start and end of the cantilever as a function of the cantilever tip displacement d is given by:
Inserting (5) into (1) results in:
From this example it can be seen that the differential strain resulting for a given cantilever tip displacement d is proportional to l −2 , i.e., the tip displacement sensitivity reduces quadratically with increasing cantilever length. This illustrates that in fiberoptic shape sensing for large structures achieving high strain sensitivity of the interrogation system is of paramount importance.
III. SETUP
A. Optical Setup and Signal Processing
The optical setup used in this work is illustrated in Fig. 2(a) , employing the fully-enclosed interrogation unit, also pictured in Fig. 2(e) . The optical setup of the interrogation unit consists of an InGaAs photo detector, a fiber-optic circulator and an Eblana EP1550-0-NLW-B06-400FM laser diode with 420 kHz line width, emitting at a center wavelength of λ 0 = 1548.1 nm. To allow RRI signal processing [27] , the laser is injection current modulated with a sinusoidal waveform that results in a peak-to-peak wavelength modulation amplitude of ≈ 0.22 nm as measured using an optical spectrum analyzer.
The light leaving the interrogation unit is then split, using a 4 × 1 coupler, into four fiber strings A, B, C and D. In each fiber string five low-reflectivity, broadband FBGs are inscribed resulting in fiber segments of 20 cm length, with FBG reflectors labeled A1...D5, located at positions shown in Fig. 2(a) . The details of the FBG inscription process is detailed in the next section. In each fiber string, the desired interference signals occur between the fiber tip Fresnel reflection and the five FBG reflectors and any interference signals between individual FBG reflectors are undesired. Each fiber string has a unique distance between fiber tip and the set of FBG reflectors, incrementing per fiber string by the value of ≈ 4 cm.This assigns unique ranges to all the desired FBG signals, for example 4 cm, 24 cm, 44 cm, etc. for the reflectors of string A and 16 cm, 36 cm, 56 cm, etc. for the reflectors of string D. This allows all fiber strings to be interrogated simultaneously using a single interrogation unit with a single laser and photo detector, where Δr ≈ 4 cm is then the effective range separation that needs to be resolved by the RRI signal processing to recover signals from all four fiber strings present. Furthermore, undesired interference signals occurring between the individual FBG reflectors themselves will fall into ranges of 20 cm, 40 cm, etc. and therefore do not intrude into any of the desired signal ranges. Additionally, in order to prevent undesired interference signals across fiber strings, a unique fiber delay line per string at 3 m intervals has been inserted after the coupler, moving cross-string interference signals well out-of-range. Fig. 3 shows the evaluated return signal, calculated over a single modulation period, as a function of the demodulation phase carrier amplitude A d [27] , which is approximately proportional to the optical path difference, i.e., range, of the interference signals present. The values of A d where the evaluation for each peak takes place are labeled in Fig. 3 with vertical lines and with the reflector labels corresponding to the labels in Fig. 2(a) . Fig. 3 clearly demonstrates how in FSI signal peaks at desired ranges can be separated from undesired sources at other ranges. In this setup, for the effective range separation Δr ≈ 4 cm, the peak-to-peak sinusoidal wavelength modulation amplitude of 0.22 nm leads to A d values incremented by ≈ 33 rad, as evident in Fig. 3 . This is almost a factor of three more than the value of A min required according to the spatial resolution calculation [27] for a specified baseband suppression value of 50 dB at σ = 0.05, where σ is the Gaussian window width parameter used in the RRI signal processing. This leaves some leeway to improve the spatial resolution of this shape sensing approach for future, optimized implementations. Additionally, spatial resolution could also be improved by increasing the sinusoidal wavelength modulation amplitude of the laser.
The signal processing is implemented on an Altera Cyclone-IV field programmable gate array (FPGA), which controls and synchronizes both the laser modulation and the demodulation of the photo detector signals. Furthermore, in the fully-enclosed interrogation unit pictured in Fig. 2(e) , a regular PC is integrated in the unit and used to capture the data processed by the FPGA and controls the measurement via a PCI express bus implementation using the Riffa framework [32] . In contrast to previous RRI implementations [26] , [27] a lowercost Thorlabs ITC102 integrated laser driver module is used to sinusoidally modulate the laser injection current at a modulation frequency of 49 kHz. This laser driver exhibits higher inherent drift of the modulation signal phase than drivers used in previous implementations, therefore, in order to simplify the calibration of the signal processing time delay [27] , only a single window per modulation and not the dual-window function previously described is used, which relaxes the signal processing time delay setting accuracy, but halves the signal-to-noise ratio of the detection. Also, due to the nonlinearity of the laser modulation process, higher order nonlinear corrections of the modulation waveform of 5.7% for the first harmonic and 0.7% for the second harmonic, as determined by visual inspection of the phase carrier amplitude versus signal processing delay maps, were applied to the demodulation carriers in addition to the correction of parasitic intensity modulation [27] .
B. FBG Inscription and Sensor Rod Fabrication
In FSI, broadband reflectors are required that return signals over all conceivable temperature and strain conditions. The reflectors can be very weak, with reflectivities down to parts-permillion (ppm) possible [26] . However, in the setup of Fig. 2(a) , the 1 × 4 coupler, which is passed twice, effectively introduces an optical power loss of a factor of 16 compared to FSI in a single fiber [26] , requiring the use of correspondingly stronger gratings. In this work, broadband FBGs are inscribed in photosensitive Fibercore PS1250/1500 fiber using a frequency-quadrupled Nd-YAG laser operating at 266 nm according to a method previously described by Wang et al [33] . Here, a slit of 0.2 mm width placed between the phase mask and the fiber is used to limit the length of the FBG and thus increase the reflection bandwidth. An overlay plot of the reflection spectra of all 20 FBGs used, as measured by a Luna OBR 4400 reflectometer, which uses an OFDR approach [23] to obtain multiple FBG spectra at different ranges, is shown in Fig. 4 . Here it can be seen that the produced gratings have reflectivities of typically 130 ppm to 500 ppm and bandwidths of approximately 4 to 5 nm full-width half maximum. Fig. 2(b) shows how the fiber reflectors are co-located on the four opposing sides of the PTFE sensor rod of 4 mm outer diameter. Channels were cut manually in the rod to securely locate the fiber on the rod, with the rod cross section illustrated in Fig. 2(c) . The channels are approximately 0.6 mm deep, resulting in a nominal lateral fiber core spacing δ of ≈ 3.0 mm. This spacing results in a slope angle sensitivity of Δφ · ψ −1 = 487 rad of measured differential phase change per degree of applied slope angle change, according to (2) . This calculation uses the approximate values of n g = 1.45 and k = 0.79 [34] for the type of photosensitive fiber used in this work. As the fabrication of the channels was a manual process, control of the channel depth was limited, which results in some uncertainty for the value of δ and thus for the sensitivity Δφ · ψ −1 , which could be as high as 10%. However, in future implementations we anticipate that by using a custom extruded PTFE profile instead of the manual fabrication process of the sensor rod, these uncertainties will become negligible.
The fibers are attached to the rod by filling the channels with a cyanoacrylate adhesive after inserting the fibers. The measured differential strain signals are then obtained by subtraction of the signals from the interferometers formed in strings A and C for the vertical direction and from those in strings B and D for the horizontal direction. Throughout this paper, we will refer to sensor Section I to IV, all originating at the cantilever mount, as shown in Fig. 2(d) , instead of referring to measurements from individual fiber segments, as this simplifies the mathematical treatment by relating all measurements to the common, stationary origin. The measurements for sensor Sections I to IV then sample the cantilever slope angle along the cantilever, which can be easily obtained by subtracting the signals from the corresponding end reflectors from the reflector signals A1 to D1 at the cantilever origin. As can be seen in Fig. 2(d) , the sensor rod is mounted on a cantilever test object, a 15 × 15 mm square bar of 316 stainless steel. Here, the relevant cantilever length is 80 cm. The last reflectors in each string, A5 to D5, are recessed by 1.5 cm from the cantilever tip so that the sensor rod can be correctly attached to follow the cantilever shape. As discussed previously, interferometric curvature sensing only requires the sensor rod to follow the structure under test and does not necessitate fully established strain transfer between the sensor rod and the structure. Therefore, to demonstrate this point in this work, the sensor rod was attached to the cantilever using 3M 431 aluminum tape only, where full strain transfer cannot be expected.
IV. RESULTS AND DISCUSSION
A. Directional Calibration
In this work, good control of the sensor directional alignment is difficult to achieve while laying down the sensor rod on the test object due to its circular shape, and therefore the orientation of the sensors axes needs to be calibrated. However, we anticipate that in future implementations, for example by using an custom extruded plastic profile incorporating a directional guide into the sensor rod, such as a flat sensor underside, there will be no requirement for a directional calibration.
In order to calibrate the directional response of the sensor, the cantilever is subjected to a purely horizontal and a purely vertical movement in optical table coordinates, by moving the cantilever tip manually along an appropriate guide rail. The results from these measurements are shown in Figs. 5(a) to (d) for the four sensor Sections I to IV, respectively. In all cases, measurements for both horizontal and vertical movements are shown on the same plot. Here, the phase signal due to differential strain in strings C and A, Δφ C−A , which is the nominally vertical axis of the sensor, see Fig. 2(c) , is plotted on the x-axis, while the nominally horizontal measurement Δφ D−B between strings D and B is plotted on the y-axis. The values of the angle, obtained from a linear regression fit of the measurements, between each nominal sensor axis and the horizontal or vertical axis in optical table coordinates are also annotated in Fig. 5 . It can be seen in Fig. 5 that the angular orientation is misaligned with the optical table axes by ≈ 6
• to 10
• , where the most likely cause for the differences in misalignment is a small amount of twist of the sensor rod. Furthermore the angle between the sensor axes may not be exactly 90
• , which may be a result of the manual production process of the sensor rod where it was difficult to maintain the perpendicularity of the channels over the length of the sensor rod. Nevertheless, the linearity of the results in Fig. 5 show the quality of the measurements that can be obtained in principle. In the remainder of the paper, the directional misalignment was corrected by applying a standard Euclidean rotation matrix on the recorded signals Δφ C−A and Δφ D−B , with correction rotation angles of 6.6
• , 7.4
• , 7.6 • and 7.9
• for Sections I, II, III and IV, respectively. For each section, these correction angles are simply the average of the corresponding values annotated in Fig. 5 . The signals resulting from this rotation are then denoted by Δφ Ver,Sec and Δφ Hor,Sec for the vertical and horizontal signals in optical table coordinates, where Sec denotes Sections I, II, III and IV.
B. Comparison of Static Displacements with Theory
As discussed in Section II-B, the interferometric FOSS approach proposed in this paper effectively measures the cantilever slope angles, sampled at the end points of the fiber Sections I, II, III and IV in Fig. 2(d) . In order to obtain the desired displacement function of the cantilever, the slope angle function between the sample points needs to be interpolated or fitted to the cantilever model to allow the integration of the slope angle function to yield the displacement function.
In order to verify the accuracy of the FOSS system for the prediction of the desired displacement, we have conducted a series of experiments using a test weight of 1.05 kg sequentially attached to the cantilever at four positions a, b, c and d, where these positions were determined to be 68.7, 48.7, 28.7 and 8.9 cm, respectively, from the cantilever mount in Fig. 2(d) . The predicted displacement measurements from the FOSS system were then verified independently using an external interferometric displacement sensor [27] , [35] , also based on the RRI technique, which was placed below the cantilever pointing upwards, at positions corresponding to the endpoints of Sections I, II, III and IV, as illustrated in Fig. 2(d) .
The crosses in the upper panels in Fig. 6 (a) to (d) represent the vertical slope angle measurements using the FOSS system as a function of position along the cantilever for the weight placed at positions a, b, c and d, respectively, averaged over 1 s and calculated from the rotated differential strain measurements Δφ Ver,I to Δφ Ver,IV for Sections I to IV using the nominal slope angle sensitivity value of 487 rad • discussed in Section III-B. In all cases in the upper panels in Fig. 6 it can be seen that the slope angle is mostly constant beyond the respective weight position, which is marked by the black vertical lines, as would be expected from (4). Furthermore, the linear and cubic spline interpolation traces between these measurement points are also shown in the upper panels of Fig. 6 , along with the visual fit to the cantilever model of (4). Here, the same value of P 2E I = 0.0074 m −2 could be used to fit the cantilever model to the measured slope angle data points for all four positions of the weight.
The lower panels in Fig. 6 plot the vertical cantilever displacement as a function of position along the cantilever determined from the two interpolation approaches and the cantilever modelfit. Additionally, the crosses in the lower panels in Fig. 6 show the data points for the independent interferometric verification measurement. Note that the y-axis scales in all plots change going from Fig. 6(a) to (d) . It can be seen in the lower panel in Fig. 6 that there is excellent agreement between the interferometric verification measurement and the interpolation and model-fit approaches in Fig. 6(a) and that the agreement gets progressively worse going towards Fig. 6(d) . In all cases, there is an underestimation of the displacement, which is worst for the linear interpolation, improving for the cubic spine interpolation and the best agreement, as expected, can be achieved for the cantilever model. Looking again at the upper panels in Fig. 6 it can be seen that the expected slope angle function varies more smoothly the further the weight is placed towards the cantilever tip, i.e., more abrupt variation in slope angle occur when the weight is positioned closer to the cantilever origin. This is the reason that the interpolation is getting progressively less able to predict the actual displacements going from Fig. 6(a) to (d) . Also, there are higher uncertainties in the cantilever model, such as the influence of the mounting forces, when the weight is placed close to the cantilever origin, explaining the observed discrepancies in Fig. 6(d) . Nevertheless, it can be seen in Fig. 6 that, at least for smoothly varying curvature profiles, the FOSS system can be used to measure the cantilever displacement well, even without any knowledge of the structure, as demonstrated by the results for the linear and cubic spline interpolation. In the case of more rapidly varying slope functions, such as Fig. 6(d) , it is expected that an increase in the spatial resolution of the FOSS system would improve the displacement measurements.
C. Vibration Measurements
To demonstrate the potential of the proposed approach for directional, lateral vibration measurements, a series of experiments was conducted where vibration of the cantilever was manually excited along a guide rail that could be set at an adjustable angle relative to the optical table. Furthermore, as in the previous experiment, an interferometric verification measurement was conducted, with the interferometer pointing in the same direction as the guide rail and using a small reflector attached to the cantilever at the appropriate angle. The results of these measurements for sensor Section IV, corresponding to lateral vibrations near the cantilever tip in Fig. 2(d) , are shown in Fig. 7 , where Fig. 7(a) , (b) and (c) plot results for a horizontal, vertical and diagonal (≈ 45
• ) excitation, respectively. In Fig. 7 , the top panels of each plot show the signals Δϕ Hor,IV and Δϕ Ver,IV acquired at the full interferometric measurement bandwidth of 21 kHz over 1 s, where Δϕ Hor,IV and Δϕ Ver,IV were obtained by rotating the raw differential strain phase signals at an angle of 7.9
• as described in Section IV-A. The secondary y-axis in the upper panels in Fig. 7 also plots the corresponding slope angles, calculated with the previously used sensitivity value of 487
It can be seen in the upper panels in Fig. 7 that for Fig. 7(a) and (b) the vibration occurs mostly in the Δϕ Hor,IV and Δϕ Ver,IV , respectively, while in Fig. 7(c) both Δϕ Hor,IV and Δϕ Ver,IV are of approximately equal magnitudes as expected for a diagonal vibration. The insets in the upper panels of Fig. 7 plot Δϕ Ver,IV directly against Δϕ Hor,IV , highlighting that the direction of the vibration can be easily identified in this way.
The lower panels in Fig. 7 show the resulting displacements, determined using the linear and cubic spline interpolation, as a function of time along with the external interferometric verification measurement, which measures the displacement at the endpoint of Section IV in Fig. 2(d) , with the verification interferometer pointing in the appropriate vibration direction. To show the high quality of the FOSS measurements presented in Fig. 7 , the slope angle measurements used for the calculation of the interpolated displacement data were low-pass filtered at a bandwidth of 200 Hz. Unlike the static case shown in Fig. 6 , the cantilever model of (4) cannot be used for the determination of time-resolved displacements because even the fundamental vibration mode might differ from the static cantilever model and additionally several higher order mode shapes could furthermore be present. Generally, the plots in the lower panels of Fig. 7 show good agreement of the determined displacements from the FOSS system with the interferometric verification measurements. The insets in the lower panels in Fig. 7 zoom in on the regions near the highest vibration amplitudes, showing that the discrepancies are at levels of up to ≈ 10%. The discrepancies are smaller for the vertical vibration in Fig. 7(b) compared to the horizontal vibration shown in Fig. 7(a) , where it is thought that the uncertainty in the knowledge of the sensor rod channel depth causes a proportional uncertainty in the slope angle sensitivity Δφ · ψ −1 , as discussed in Section III-B. Furthermore, there is an additional inset in Fig. 7(c) showing the zoomed plot of a cantilever excitation of a frequency of ≈ 100 Hz and a peak-to-peak amplitude of ≈ 3 μm. Here, it can be seen that this signal can be measured by the FOSS system with reasonable agreement, demonstrating the suitability of this approach even for small amplitude, high frequency vibration signals.
The standard deviation of the noise exhibited in the phase signals shown in the top panels of Fig. 7 amounts to ≈ 0.17 rad for the vertical and ≈ 0.08 rad for the horizontal direction for an interrogated sensor length of 0.8 m and over an interferometric bandwidth of 21 kHz. Furthermore, it was confirmed by Fourier analysis that the noise floor is generally flat, resulting in worst case interrogation noise levels for the vertical direction of 1.2 mrad · Hz −0.5 . The reason for the difference between the measurements for the two directions is likely to be the return signal strength of the participating in-fiber reflectors used for each measurement, as the signal strengths exhibited in Fig. 3 are not yet fully in the phase-noise limited region [26] Fig. 7(b) , where the displacement noise standard deviation of 0.56 μm can be extracted for both linear and spline interpolation cases. Over the 200 Hz bandwidth used, this equates to displacement noise levels of 40 nm · Hz −0.5 at the cantilever tip.
D. Further Discussion
In the FOSS approach presented in this paper, as previously discussed, the use of a custom extruded PTFE profile with a directional guide as a sensor rod would improve the robustness of this approach by removing uncertainties of the sensor rod orientation, potentially eliminating the need for the directional calibration performed in Section IV-A. This would also reduce considerably the uncertainty in the value of the lateral core displacement δ and ultimately of the slope angle sensitivity Δφ · ψ −1 . For the nominal value of δ = 3.0 mm and the sensor rod length of l = 0.8 m used, the curvature sensitivity Δφ · κ −1 , a widely used quantity when comparing FOSS approaches, is 22.3 · 10 3 rad · m using (3) . The use of multicore fiber would also be possible using this approach, resulting in considerably smaller sensor rod protrusion diameters, but also reducing the curvature sensitivity by a factor of 60 for a typical multicore fiber of δ = 50 μm lateral core spacing. In the static deflection experiment shown in Fig. 6(d) it became clear that an increase in spatial resolution of the FOSS measurement would be beneficial in cases of rapidly changing curvature profiles. Based on previous experience of the wavelength tuning capabilities of diode lasers, an improvement in the spatial resolution by up to a factor of four is deemed possible using DFB-type diode lasers. However, keeping the overall sensor rod length constant at an increased resolution while maintaining the same data acquisition bandwidth of the interrogation system would also entail a corresponding reduction in the interferometric bandwidth that can be recorded [26] . A further point not yet addressed is the polarisation sensitivity inherent in any long-gauge length interferometric technique, potentially leading to polarisation-induced signal fading. It is expected that the system should show a considerable robustness against any polarisation-induced signal fading after fabrication as all desired interferences occur within each fiber string, however, if this poses a problem polarisation-diversity detection [36] could also be employed.
V. CONCLUSION
The theory of spatially-resolved interferometric fiber-optic shape sensing has been presented, showing that the parameter measured using this approach is slope angle sampled at the respective sensor section end positions. Fiber-optic shape sensing using fiber segment interferometry was demonstrated on a metal cantilever. A flexible PTFE sensor rod with lateral fiber core separation of 3.0 mm was fabricated and 20 in-fiber Bragg reflectors were inscribed and multiplexed using a single fullyenclosed interrogation unit. Slope angle measurements at four sensor sections at a spatial resolution of 20 cm could be recorded over an interferometric bandwidth of 21 kHz. Using free-space interferometric verification measurements it was shown that the errors in the calculation of the cantilever tip displacement from the measured slope angle data do not exceed 10% for typical vibration patterns using either linear or a cubic spline interpolation approaches that do not make any assumptions on the underlying structure. For a sensor of nominal curvature sensitivity of 22.3 · 10 3 rad · m and worst-case interrogation phase noise levels of 1.2 mrad · Hz −0.5 , slope angle measurements at noise levels of 2.4 · 10 −6 • · Hz −0.5 could be recorded, equating, for the specific cantilever test object of length 0.8 m, to tip displacement noise levels of 40 nm · Hz −0.5 . This performance clearly demonstrates the potential of this sensing concept for highly sensitive and cost-effective fiber-optic shape, lateral displacement or vibration measurements for structural health monitoring and further applications.
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